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Q1. 
(a)  

[
0 −1 2
2 3 1
1 1 1

|
−3
6
2
]
𝑠𝑤𝑎𝑝 𝑟1 𝑎𝑛𝑑 𝑟2
→           [

2 3 1
0 −1 2
1 1 1

|
6
−3
2
]
𝑟3+(−0.5)𝑟1
→        [

2 3 1
0 −1 2
0 −0.5 0.5

|
6
−3
−1
]  

[
2 3 1
0 −1 2
0 −0.5 0.5

|
6
−3
−1
]
𝑟3+(−0.5)𝑟2
→        [

2 3 1
0 −1 2
0 0 −0.5

|
6
−3
0.5
]  

2𝑥1 + 3𝑥2 + 𝑥3 = 6 → (1)  

−𝑥2 + 3𝑥3 = −3 → (2)  

−0.5𝑥3 = 0.5 → (3)  

From (3), 𝑥3 = −1 

Sub 𝑥3 into (2), 𝑥2 = 1 

Sub 𝑥2 and 𝑥3 into (1), 𝑥1 = 2 

∴ 𝒙 = [
2
1
−1
]  

(b)   

[

0 −1 2
2 3 1
1 1 1
𝑎 𝑏 𝑐

|

−3
6
2
𝑑

]

𝑠𝑤𝑎𝑝 𝑟1 𝑎𝑛𝑑 𝑟4
𝑠𝑤𝑎𝑝 𝑟3 𝑎𝑛𝑑 𝑟4
→           [

𝑎 𝑏 𝑐
2 3 1
0 −1 2
1 1 1

|

𝑑
6
−3
2

]
𝑟4+(−0.5)𝑟2
→        [

𝑎 𝑏 𝑐
2 3 1
0 −1 2
0 −0.5 0.5

|

𝑑
6
−3
−1

]  

[

𝑎 𝑏 𝑐
2 3 1
0 −1 2
0 −0.5 0.5

|

𝑑
6
−3
−1

]
𝑟4+(−0.5)𝑟3
→        [

𝑎 𝑏 𝑐
2 3 1
0 −1 2
0 0 −0.5

|

𝑑
6
−3
0.5

]  

From (a), 𝑥1 = 2, 𝑥2 = 1, 𝑥3 = −1 

From row 1, 𝑎𝑥1 + 𝑏𝑥2 + 𝑐𝑥3 = 𝑑 → 2𝑎 + 𝑏 − 𝑐 = 𝑑 → 2𝑎 + 𝑏 − 𝑐 − 𝑑 = 0 

∴ The condition for {𝑎, 𝑏, 𝑐, 𝑑} is 2𝑎 + 𝑏 − 𝑐 − 𝑑 = 0. 

(c)  

𝐶 = [
4 3
2 1

] , 𝐶−1 = [
−0.5 1.5
1 −2

] , (𝐶−1)2 = [
−0.5 1.5
1 −2

] [
−0.5 1.5
1 −2

] = [
1.75 −3.75
−2.5 5.5

]  

(𝐶−1)4 = (𝐶−1)2(𝐶−1)2 = [
1.75 −3.75
−2.5 5.5

] [
1.75 −3.75
−2.5 5.5

] = [
12.4375 −27.1875
−18.125 39.625

]  

(𝐶−1)5 = (𝐶−1)4(𝐶−1) = [
12.4375 −27.1875
−18.125 39.625

] [
−0.5 1.5
1 −2

] = [
−33.40625 73.03125
48.6875 −106.4375

]  

𝐷 = (𝐶−1)5𝐴 + (𝐶−1)5𝐵 = [
52.0625 477.8125
−75.875 −696.375

]  

det(𝐷) = |
52.0625 477.8125
−75.875 −696.375

| = −1  



Q2. 
(a)  

𝐴 − 𝜆𝐼 = [
−1 − 𝜆 3
3 −1 − 𝜆

] , |𝐴 − 𝜆𝐼| = (−1 − 𝜆)(−1 − 𝜆) − (3)(3) = 0  

𝜆2 + 2𝜆 − 8 = 0 → (𝜆 − 2)(𝜆 + 4) = 0 → 𝜆1 = 2, 𝜆2 = −4  

For 𝜆2 = −4, 

[
−1 − (−4) 3

3 −1 − (−4)
] [
𝑢1
𝑢2
] = [

0
0
] → [

3 3
3 3

] [
𝑢1
𝑢2
] = [

0
0
] 

3𝑢1 + 3𝑢2 = 0 → 𝑢1 = −𝑢2  

∴ 𝒖 = [
1
−1
]

1

√(1)2+(−1)2
𝑢2 = [

1
−1
]
1

√2
  

(b)(i) {𝑝1, 𝑝2, 𝑝3} are linearly independent. This is because the vectors do not have 
components which are matched by a linear combination of the rest of the group, i.e.,  
𝑎𝑝1 + 𝑏𝑝2 + 𝑐𝑝3 cannot be equal to zero for any combination of a, b, and c. 

(ii) 𝑞1, 𝑞2 and 𝑞3 are collinear, which means 𝐵 is not invertible. 

(iii)  

Let 𝐵 = [
𝑏1 𝑏2
𝑏3 𝑏4

] 

𝑞3 = 𝐵𝑝3 → [
0
0
] = [

𝑏1 𝑏2
𝑏3 𝑏4

] [
0.5
1
]  

0.5𝑏1 + 𝑏2 = 0 → 0.5𝑏1 = −𝑏2, 0.5𝑏3 + 𝑏4 = 0 → 0.5𝑏3 = −𝑏4 

𝑞1 = 𝐵𝑝1 → [
−2
1
] = [

𝑏1 𝑏2
𝑏3 𝑏4

] [
1
−0.5

]  

𝑏1 − 0.5𝑏2 = −2 → (1), 𝑏3 − 0.5𝑏4 = 1 → (2)  

Sub 𝑏1 into (3), 

−2𝑏2 − 0.5𝑏2 = −2 → 𝑏2 = 0.8, 𝑏1 = −1.6  

Sub 𝑏3 into (4), 

−2𝑏4 − 0.5𝑏4 = 1 → 𝑏4 = −0.4, 𝑏3 = 0.8  

∴ 𝐵 = [
−1.6 0.8
0.8 −0.4

]  

 

 

 

 

 

 

 

 

 



Q3. 

(a) 𝑃(𝑥) =
(𝑥−𝑥1)(𝑥−𝑥2)

(𝑥0−𝑥1)(𝑥0−𝑥2)
𝑓(𝑥0) +

(𝑥−𝑥0)(𝑥−𝑥2)

(𝑥1−𝑥0)(𝑥1−𝑥2)
𝑓(𝑥1) +

(𝑥−𝑥0)(𝑥−𝑥1)

(𝑥2−𝑥0)(𝑥2−𝑥1)
𝑓(𝑥2) 

𝑃(𝑥) =
(𝑥−ℎ)(𝑥−2ℎ)

(0−ℎ)(0−2ℎ)
𝑦1 +

(𝑥−0)(𝑥−2ℎ)

(ℎ−0)(ℎ−2ℎ)
𝑦2 +

(𝑥−0)(𝑥−ℎ)

(2ℎ−0)(2ℎ−ℎ)
𝑦3  

𝑃(𝑥) =
𝑥2−3ℎ𝑥+2ℎ2

2ℎ2
𝑦1 −

𝑥2−2ℎ𝑥

ℎ2
𝑦2 +

𝑥2−ℎ𝑥

2ℎ2
𝑦3  

𝑃(𝑥) =
1

2ℎ2
[(𝑥2 − 3ℎ𝑥 + 2ℎ2)𝑦1 − 2(𝑥

2 − 2ℎ𝑥)𝑦2 + (𝑥
2 − ℎ𝑥)𝑦3]  

𝐼 = ∫
1

2ℎ2
[(𝑥2 − 3ℎ𝑥 + 2ℎ2)𝑦1 − 2(𝑥

2 − 2ℎ𝑥)𝑦2 + (𝑥
2 − ℎ𝑥)𝑦3]

2ℎ

0
  

𝐼 =
1

2ℎ2
[(
𝑥3

3
−
3ℎ𝑥2

2
+ 2ℎ2𝑥) 𝑦1 − 2(

𝑥3

3
− ℎ𝑥2) 𝑦2 + (

𝑥3

3
−
ℎ𝑥2

2
) 𝑦3]

0

2ℎ

  

𝐼 =
1

2ℎ2
[(
8ℎ3

3
−
12ℎ3

2
+ 4ℎ3) 𝑦1 − 2(

8ℎ3

3
− 4ℎ3) 𝑦2 + (

8ℎ3

3
−
4ℎ3

2
) 𝑦3]  

𝐼 =
1

2ℎ2
[(
2ℎ3

3
) 𝑦1 + (

8ℎ3

3
) 𝑦2 + (

2ℎ3

3
) 𝑦3] = (

ℎ

3
) (𝑦1 + 4𝑦2 + 𝑦3)  

(b)  

𝑥 (𝑚)  0 2 3 4 5 6 8 10 12 

𝜌 (𝑔/𝑐𝑚3)  2.00 1.95 1.89 1.85 1.80 1.73 1.60 1.51 1.49 

𝜌 (𝑘𝑔/𝑚3)  2000 1950 1890 1850 1800 1730 1600 1510 1490 

𝐴 (𝑐𝑚2)  31.4 33.2 34.1 35.3 35.8 36.6 37.6 39.0 41.1 

𝐴 ∗ 10−4(𝑚2)  31.4 33.2 34.1 35.3 35.8 36.6 37.6 39.0 41.1 

𝜌 ∗ 𝐴 (𝑘𝑔/𝑚)  6.2800 6.4740 6.4449 6.5305 6.4440 6.3318 6.0160 5.8890 6.1239 

𝑎𝑟𝑒𝑎 (𝑘𝑔)  12.754 12.928 12.879 36.128 

The workings are as follows: 

xi = 0 to 2 (Trapezoidal Rule): 

𝑎𝑟𝑒𝑎 =
1

2
(2)(6.28 + 6.4740) = 12.754𝑘𝑔  

xi = 2 to 4 (Simpson’s 1/3 Rule): 

𝑎𝑟𝑒𝑎 =
1(1)

3
(6.4740 + 4(6.4449) + 6.5305) = 12.928𝑘𝑔  

xi = 4 to 6 (Simpson’s 1/3 Rule): 

𝑎𝑟𝑒𝑎 =
1(1)

3
(6.5305 + 4(6.4440) + 6.3318) = 12.879𝑘𝑔  

xi = 6 to 12 (Simpson’s 3/8 Rule): 

𝑎𝑟𝑒𝑎 =
3(2)

8
(6.3318 + 3(6.0160) + 3(5.8890) + 6.1239) = 36.128𝑘𝑔  

𝑠𝑢𝑚 𝑜𝑓 𝑎𝑟𝑒𝑎 = 12.754 + 12.928 + 12.879 + 36.128 = 74.689𝑘𝑔  

∴ Mass of rod is 74.689kg. 

 

 

 

 

 

 



 

Q4. 

(a) 𝐿𝑒𝑡 𝑣 =
𝑑𝑢

𝑑𝑡
,
𝑑𝑣

𝑑𝑡
=
𝑑2𝑢

𝑑𝑡2
 

𝑑2𝑢

𝑑𝑡2
− 0.2

𝑑𝑢

𝑑𝑡
+ 10𝑢 = 0 →

𝑑𝑣

𝑑𝑡
− 0.2𝑣 + 10𝑢 = 0 →

𝑑𝑣

𝑑𝑡
= 0.2𝑣 − 10𝑢  

𝑡 𝑢 𝑣 
𝑑𝑢

𝑑𝑡
 

𝑑𝑣

𝑑𝑡
 𝑢𝑚 𝑣𝑚 

𝑑𝑢

𝑑𝑡𝑚
 

𝑑𝑣

𝑑𝑡𝑚
 

0 0.2 1 1 (a) -1.8 (b) 0.25 (c) 0.91 (d) 0.91 (e) -2.318 (f) 

0.1 0.291 (g) 0.7682 (h) 0.7682 -2.7564 0.3294 0.6304 0.6304 -3.1679 

0.2 0.3540 0.4514       

The relevant workings are as follows: 

(a): 
𝑑𝑢

𝑑𝑡
= 𝑣 = 1  (b): 

𝑑𝑣

𝑑𝑡
= 0.2𝑣 − 10𝑢 = 0.2(1) − 10(0.2) = −1.8 

(c): 𝑢𝑚 = 𝑢𝑖 + 0.5𝐾0ℎ = 0.2 + 0.5(1)(0.1) = 0.25 

(d): 𝑣𝑚 = 𝑣𝑖 + 0.5𝐾0ℎ = 1 + 0.5(−1.8)(0.1) = 0.91 

(e): 
𝑑𝑢

𝑑𝑡𝑚
= 𝑣𝑚 = 0.91  (f) 

𝑑𝑣

𝑑𝑡𝑚
= 0.2𝑣 − 10𝑢 = 0.2(0.91) − 10(0.25) = −2.318 

(g) 𝑢𝑖+1 = 𝑢𝑖 +
𝑑𝑢

𝑑𝑡𝑚
ℎ = 0.2 + (0.91)(0.1) = 0.291 

(g) 𝑣𝑖+1 = 𝑣𝑖 +
𝑑𝑣

𝑑𝑡𝑚
ℎ = 1 + (−2.318)(0.1) = 0.7682 

Repeat for the next iteration gives: 

𝑢(0.2) = 0.3540𝑚, 𝑣(0.2) = 0.4514𝑚/𝑠  

(b) For 𝑇0,1: 

100 + 25 + 2𝑇1,1 − 4𝑇0,1 = 0 → (1)  

For 𝑇1,1: 

𝑇0,1 + 75 + 𝑇2,1 + 25 + 4𝑇1,1 = 0 → 𝑇0,1 − 4𝑇1,1 + 𝑇2,1 = −100 → (2)  

For 𝑇2,1: 

𝑇1,1 + 50 + 25 + 25 − 4𝑇2,1 = 0 → 𝑇1,1 − 4𝑇2,1 = −100 → (3)  

Solving (1), (2), and (3), gives 𝑇0,1 = 55.288°𝐶, 𝑇1,1 = 48.077°𝐶, 𝑇2,1 = 37.019°𝐶. 

 

---END--- 

 

NOTE: 

Do reach out to me at KEAL0001@e.ntu.edu.sg if you have any queries regarding any of my 
submitted workings. Feel free to leave an email to ask any questions covered in the 
curriculum, will be glad to help! 

 

DISCLAIMER: 

You are advised to take my solutions as a guide, rather than an absolute answer to the 
questions. 

mailto:KEAL0001@e.ntu.edu.sg

