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Q1. 
(a)  

[
2 4 2
−1 1 −1
5 1 5

|
−2
−2
4
]

𝑟2+(0.5)𝑟1
𝑟3+(2.5)𝑟1
→       [

2 4 2
0 3 0
0 −9 −5

|
−2
−3
9
]
𝑟3+(3)𝑟2
→     [

2 4 2
0 3 0
0 0 −5

|
−2
−3
0
]  

2𝑥1 + 4𝑥2 + 2𝑥3 = −2 → (1)  

3𝑥2 = −3 → (2)  

−5𝑥3 = 0 → (3)  

From (2), 𝑥2 = −1. 

2𝑥1 + 4(−1) + 2(0) = −2 → 𝑥1 = 1 − 𝑥3  

∴ [

𝑥1
𝑥2
𝑥3
] = [

1
−1
0
] + 𝑥3 [

−1
0
1
]  

(b)  

[
 
 
 
 
1 −2 3 0
0 −3 1 6
0 0 −1 1
0 0 0 1
0 0 𝑓 2]

 
 
 
 

[

𝑥1
𝑥2
𝑥3
𝑥4

] =

[
 
 
 
 
𝑎
𝑏
𝑐
𝑑
𝑒]
 
 
 
 

  

From row 4, 𝑥4 = 𝑑 

From row 3, −𝑥3 + 𝑥4 = 𝑐 → 𝑥3 = 𝑑 − 𝑐 

From row 5, 𝑓𝑥3 + 2𝑥4 = 𝑒 → 𝑓𝑥3 + 2𝑑 = 𝑒 

𝑓(𝑑 − 𝑐) + 2𝑑 = 𝑒 → 𝑒 + (𝑐 × 𝑑) − (𝑑(𝑓 + 2)) = 0  

(c)(i) |𝐴| = (−1)(2) − (1)(2) = −4 

𝐴−1 =
1

−4
[
2 −2
−1 −1

] = [
−0.5 0.5
0.25 0.25

]  

(ii) ‖𝐴‖2 = √(−1)2 + (2)2 + (1)2 + (2)2 = √10 

‖𝐴−1‖2 = √(−0.5)2 + (0.5)2 + (0.25)2 + (0.25)2 = √0.625  

𝐾2(𝐴) = ‖𝐴‖2 ∗ ‖𝐴
−1‖2 = √10√0.625 = 2.5  

(iii) Let 𝑥𝑖/𝑦𝑖 be the initial coordinates and 𝑥𝑛/𝑦𝑛 be the final coordinates. 

𝐴 = [
−1 2
1 2

] , 𝐴−1 = [
−0.5 0.5
0.25 0.25

]  

‖𝑥𝑛 − 𝑥𝑖‖ = ‖𝐴
−1‖‖𝑦𝑛 − 𝑦𝑖‖ ≤ ‖𝐴

−1‖(10)  

‖𝐴−1‖(10) = √0.625(10) = 7.9057𝑘𝑚  

Therefore, the region should be less than 7.91km. 



Q2. 
(a)(i)  

𝐴 − 𝜆𝐼 = [
3 − 𝜆 −1
−1 1 − 𝜆

]  

|𝐴 − 𝜆𝐼| = (3 − 𝜆)(1 − 𝜆) − (−1)(−1) = 3 − 𝜆 − 3𝜆 + 𝜆2 − 1 = 𝜆2 − 4𝜆 + 2  

𝜆 =
−𝑏±√𝑏2−4𝑎𝑐

2𝑎
= 2 ± √2, 𝜆1 = 2 + √2, 𝜆2 = 2 − √2  

𝐹𝑜𝑟 𝜆2 = 2 − √2,  

[
3 − (2 − √2) −1

−1 1 − (2 − √2)
] [
𝑢1
𝑢2
] = [

0
0
] → [

1 + √2 −1

−1 −1 + √2
] [
𝑢1
𝑢2
] = [

0
0
]  

[1 + √2 −1
0 0

] [
𝑢1
𝑢2
] = [

0
0
] → (1 + √2)𝑢1 − 𝑢2 = 0  

𝑢1 =
1

1+√2

(1−√2)

(1−√2)
𝑢2 → 𝑢1 = (−1 + √2)𝑢2  

∴ 𝒖 = [−1 + √2
1

] 𝑢2  

(ii)  

𝑀−1 = [

1

1000
0

0
1

1000

]  

𝐴 = 𝑀−1𝐾 = [

1

1000
0

0
1

1000

] [
3000 −1000
−1000 1000

] × 103 = [
3 −1
−1 1

] × 103  

|𝐴 − 𝜆𝐼| = |
3000 − 𝜆 −1000
−1000 1000 − 𝜆

| = 𝜆2 − (4 × 103)𝜆 + 2 × 106  

 𝜆 =
−𝑏±√𝑏2−4𝑎𝑐

2𝑎
= 2000 ± 1000√2, 𝜆1 = 2000 + 1000√2, 𝜆2 = 2000 − 1000√2  

𝜔1 = √𝜆1 = 58.431, 𝜔2 = √𝜆2 = 24.203  

𝑓1 =
𝜔1

2𝜋
= 9.300𝐻𝑧, 𝑓2 =

𝜔2

2𝜋
= 3.852𝐻𝑧  

∴ Lowest natural frequency is 3.852Hz. 

(b)(i)  

𝑃 = 𝑄𝑇𝑄 =

[
 
 
 
 

−

1

√2

1

√2
0

1

2

1

2

1

√2
1

2
−
1

2

1

√2]
 
 
 
 

[
 
 
 
 
1

√2
−
1

2

1

2
1

√2

1

2
−
1

2

0
1

√2

1

√2 ]
 
 
 
 

= [
1 0 0
0 1 0
0 0 1

]  

det(𝑄) =
1

√2
|

1

2
−
1

2
1

√2

1

√2

| −
1

√2
|
−
1

2

1

2
1

√2

1

√2

| + 0 =
1

√2

1

2√2
−

1

√2
(−

1

2√2
) = 1  

 

 



(ii) 

𝐷 = [
1 0 0
0 2 0
0 0 2

] , 𝑈 = 𝑄  

Since determinant of Q is 1, and QTQ is an identity matrix, 

𝑈−1 = 𝑄 =

[
 
 
 
 

−

1

√2

1

√2
0

1

2

1

2

1

√2
1

2
−
1

2

1

√2]
 
 
 
 

  

𝐴 = 𝑈𝐷𝑈−1 = [
1.5 −0.5 0
−0.5 1.5 0
0 0 2

]  

𝐵 = (𝐴 − 2𝐼)3 = ([
1.5 −0.5 0
−0.5 1.5 0
0 0 0

] − [
2 0 0
0 2 0
0 0 2

])

3

  

𝐵 = ([
−0.5 −0.5 0
−0.5 −0.5 0
0 0 0

])

3

= [
−0.5 −0.5 0
−0.5 −0.5 0
0 0 0

]  

 

Q3. 
(a) 

Time, s (s) 0 3 6 8 10 12 15 18 20 

Speed, v (kph) 0 20 47 66 85 102 124 141 150 

Speed, v (m/s) 0 5.556 13.056 18.333 23.611 28.333 34.444 39.167 41.667 

Area (m) 35.28 125.416 205.276 80.834 

Use Time (s) as xi and Speed (m/s) as f(xi) to determine Area (m). The workings are as 
follows: 

xi = 0 to 6 (Simpson’s 1/3 Rule): 

𝑎𝑟𝑒𝑎 =
ℎ

3
(𝑓(𝑥0) + 4𝑓(𝑥1) + 𝑓(𝑥2)) =

3

3
(0 + 4(5.556) + 13.056) = 35.28  

xi = 6 to 12 (Simpson’s 3/8 Rule): 

𝑎𝑟𝑒𝑎 =
3ℎ

8
(𝑓(𝑥0) + 3𝑓(𝑥1) + 3𝑓(𝑥2) + 𝑓(𝑥3))  

𝑎𝑟𝑒𝑎 =
3(2)

8
(13.056 + 3(18.333) + 3(23.611) + 28.333) = 125.416  

xi = 12 to 18 (Simpson’s 1/3 Rule): 

𝑎𝑟𝑒𝑎 =
ℎ

3
(𝑓(𝑥0) + 4𝑓(𝑥1) + 𝑓(𝑥2)) =

3

3
(0 + 5.556 + 13.056) = 35.28  

xi = 18 to 20 (Trapezoidal Rule): 

𝑎𝑟𝑒𝑎 =
ℎ

2
(𝑓(𝑥0) + 𝑓(𝑥1)) =

2

2
(39.167 + 41.667) = 80.834  

𝑠𝑢𝑚 𝑜𝑓 𝑎𝑟𝑒𝑎 = 35.28 + 125.416 + 205.276 + 80.834 = 446.806𝑚  

∴ Distance travelled is 446.806m. 

 

 



(b)(i) Choose the data pairs at time t = 6, 8, 10 and 12. 

𝑖 𝑥𝑖  𝑓(𝑥𝑖) First Second Third 

0 6 47 9.5 0 -0.041667 

1 8 66 9.5 -0.25  

2 10 85 8.5   

3 12 102    

𝑣(𝑡) = 47 + 9.5(𝑡 − 6) − 0.041667(𝑡 − 6)(𝑡 − 8)(𝑡 − 10)  

(ii) 𝑣(9) = 47 + 9.5(9 − 6) − 0.041667(9 − 6)(9 − 8)(9 − 10)  = 75.625𝑘𝑝ℎ 𝑜𝑟 21𝑚/𝑠 

(iii) 𝑣(𝑡) = 47 + 9.5𝑡 − 57 − 0.041667(𝑡3 − 24𝑡2 + 188𝑡 − 480) 

𝑣′(𝑡) = 9.5 − 0.041667(3𝑡2 − 48𝑡 + 188)  

𝑣′(10) = 9.5 − 0.041667(3(10)2 − 48(10) + 188) = 13.333
𝑘𝑚/ℎ

𝑠
= 2.55𝑚/𝑠2   

(c) 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 = 𝑓′′(𝑢𝑖) = 𝑓
′(𝑣𝑖) 

𝑓′(𝑣𝑖) =
𝑓(𝑣𝑖+1)−𝑓(𝑣𝑖−1)

2ℎ
=
28.333−18.333

2(2)
= 2.50𝑚/𝑠2  

 

Q4. 

(a)(i) Given that 𝑦 =
𝑥

ln𝑥
,
𝑑𝑦

𝑑𝑥
=

1

ln 𝑥
−

1

(ln𝑥)2
, sub 𝑦 and 

𝑑𝑦

𝑑𝑥
 into D.E: 

𝑥2 (
1

ln𝑥
−

1

(ln𝑥)2
) = 𝑥 (

𝑥

ln 𝑥
) − (

𝑥

ln 𝑥
)
2

, expanding both sides give: 

𝑥2

ln 𝑥
−

𝑥2

(ln𝑥)2
=

𝑥2

ln 𝑥
−

𝑥2

(ln𝑥)2
  

Since LHS = RHS, the function 𝑦 =
𝑥

ln 𝑥
 is an analytical solution for the D.E. 

(ii) From D.E: 
𝑑𝑦

𝑑𝑥
=
𝑥𝑦−𝑦2

𝑥2
 

𝑦𝑒+0.2 = 𝑦𝑒 + 𝑓(𝑥𝑒 , 𝑦𝑒)∆𝑥  

𝑓(𝑥𝑒 , 𝑦𝑒) =
𝑑𝑦

𝑑𝑥
|
𝑒
=
𝑒2−𝑒2

𝑒2
= 0  

𝑦𝑒+0.2 = 𝑦𝑒 + 0(0.2) = 𝑒 + 0 = 2.7183  

𝑦𝑒+0.4 = 𝑦𝑒+0.2 + 𝑓(𝑥𝑒+0.2, 𝑦𝑒+0.2)∆𝑥  

𝑓(𝑥𝑒+0.2, 𝑦𝑒+0.2) =
𝑑𝑦

𝑑𝑥
|
𝑒+0.2

=
(𝑒+0.2)(𝑒)−𝑒2

𝑒2
= 0.063837  

𝑦𝑒+0.4 = 𝑦𝑒 + 0.063837(0.2) = 2.7311  

(iii) From analytical solution, 𝑦 =
𝑥

ln 𝑥
, 𝑦𝑒+0.4 =

𝑒+0.4

ln(𝑒+0.4)
= 2.7419 

𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑒 𝑝𝑒𝑟𝑐𝑒𝑛𝑡𝑎𝑔𝑒 𝑒𝑟𝑟𝑜𝑟 =
2.7419−2.7311

2.7311
× 100% = 0.395%  

 

 

 

 



(b) 𝑦 = 10𝑒−𝑘𝑡 cos𝜔𝑡 = 5 

Let 𝑓(𝑥) = 10𝑒−0.8𝑡 cos 5𝑡 − 5 

𝑥𝑖+1 = 𝑥𝑖 −
𝑓(𝑥𝑖)(𝑥𝑖−𝑖−𝑥𝑖)

𝑓(𝑥𝑖−1)−𝑓(𝑥𝑖)
  

𝑖 𝑥𝑖−1 𝑓(𝑥𝑖−1) 𝑥𝑖  𝑓(𝑥𝑖) 𝑥𝑖+1 (𝑥𝑖+1) 𝜀𝑎 (%) 
0 0.2 -0.3958 0.3 -4.4436 0.19022 -0.011977 -0.23955 

1 0.3 -4.4436 0.19022 -0.011977 0.18992 -0.000453 -0.00905 

After two iterations, 𝑡 = 0.18992 ≈ 0.190 

 

---END--- 

 

NOTE: 

Do reach out to me at KEAL0001@e.ntu.edu.sg if you have any queries regarding any of my 
submitted workings. Feel free to leave an email to ask any questions covered in the 
curriculum, will be glad to help! 

 

DISCLAIMER: 

You are advised to take my solutions as a guide, rather than an absolute answer to the 
questions. 

mailto:KEAL0001@e.ntu.edu.sg

